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In this paper, we consider the axisymmetric problem of a frictionless receding contact between an elastic
functionally graded layer and a homogeneous half-space, when the two bodies are pressed together. The
graded layer is modeled as a nonhomogeneous medium with an isotropic stress–strain law and is sub-
jected over a part of its top surface to normal tractions while the rest of it is free of tractions. Since
the contact between the two bodies is assumed to be frictionless, then only compressive normal tractions
can be transmitted in the contact area. Using Hankel transform, the axisymmetric elasticity equations are
converted analytically into a singular integral equation in which the unknowns are the contact pressure
and the receding contact radius. The global equilibrium condition of the layer is supplemented to solve
the problem. The singular integral equation is solved numerically using orthogonal Chebychev polynomi-
als and an iterative scheme is employed to obtain the correct receding contact length that satisﬁes the
global equilibrium condition. The main objective of the paper is to study the effect of the material non-
homogeneity parameter and the thickness of the graded layer on the contact pressure and on the length
of the receding contact.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Several researchers studied problems involving the contact of
two separate bodies pressed against each other. If the contact zone
shrinks as the bodies are deformed, then such contact is referred to
as receding contact (Dundurs, 1975). In this type of problems, the
contact zone length and the contact pressure which is zero at the
ends of the contact region are the main unknowns. According to
Johnson (1985), a receding contact is one where the contact surface
in the loaded conﬁguration is contained within the initial contact
surface.
The receding contact problem has been studied during the past
three decades by several researchers both numerically and analyt-
ically. The latest numerical studies on this type of contact problems
were either based on the ﬁnite element method (e.g., Jing and Liao,
1990, Satish Kumar et al., 1996) or on the boundary element meth-
od (Anderson, 1982; Garrido et al., 1991; Garrido and Lorenzana,
1998; Parı´s et al., 1992, 1995; Graciani et al., 2005).
Among the analytical studies involving receding contact are
those of Stippes et al. (1962) dealing with inclusions that can sep-
arate from the matrix and the works by Weitsman (1969) and Pu
and Hussain (1970) who considered a layer pressed against a sub-
strate. The results for various inclusions and more complete lists ofll rights reserved.
: +216 71 74 88 43.references prior to 8970 on the receding contact problem can be
found in the papers by Wilson and Goree (1967), Noble and
Hussain (1967, 1969), Hussain et al. (1968) and Margetson and
Morland (1970).
Keer et al. (1972) investigated the smooth receding contact
problem between an elastic layer and a half-space formulated un-
der the assumption of plane stress, plane strain and axisymmetric
conditions. Gladwell (1976) solved the same problem by treating
the layer as a simple beam in bending. Ratwani and Erdogan
(1973) considered the plane smooth contact problem for an elastic
layer lying on an elastic half-space with a compressive load applied
to the layer through a frictionless rigid stamp. Civelek and Erdogan
(1974) studied the general axisymmetric double frictionless con-
tact problem for an elastic layer pressed against a half-space by
an elastic stamp under the assumptions that the three materials
have different elastic properties. Gecit (1986) studied the friction-
less contact problem of a semi-inﬁnite cylinder pressed against a
half-space. Nowell and Hills (1988) considered the plane elastic
contact problem between a thin strip and two symmetric rollers
under the assumption of frictional sliding, frictionless and fric-
tional indentation. Birinci and Erdol (1999) solved the frictionless
contact problem between a ﬂat-ended or rounded rigid stamp
and two elastic layers. Birinci and Erdol (2001) also studied the
continuous and discontinuous contact problem of a layered com-
posite made of two elastic layers subject to a loaded rigid rectan-
gular stamp. Comez et al. (2004) investigated the double
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stamp in contact with two different elastic layers. Kahya et al.
(2007) considered a frictionless receding contact problem between
an anisotropic elastic layer and an anisotropic elastic half-plane,
when the two bodies are pressed together by a circular rigid stamp.
The materials research community has been recently exploring
the possibility of using new concepts in coating or layer design,
such as Functionally Graded Materials (FGMs), as an alternative
to the conventional homogeneous coatings or layers. An FGM is
at least a two-phase composite such that its composition changes
progressively along a spatial direction. FGMs appear to promise
attractive applications in a wide variety of wear coating and ther-
mal shielding problems such as gears, cams, cutting tools, high
temperature chambers, furnace liners, turbines, micro-electronics
and space structures (Holt et al., 1992).
With the introduction of FGMs, great efforts have been made
to try to characterize their behavior and discover their potential
uses in one of the ﬁelds of contact mechanics. It was shown by
Suresh et al. (1999) that gradients in elastic modulus at a surface
may enhance the resistance against cracking due to sliding con-
tact. Giannakopoulos and Suresh (1997) [7] considered the
indentation problem of a half-space by a point force. Giannako-
poulos and Pallot (2000) [8] considered a two-dimensional slid-
ing contact problem for an elastic graded half-plane assuming a
power low type of variation for the elastic modulus. Dag˘ and Er-
dog˘an (2002) and Güler and Erdogan (2007) considered, respec-
tively, the coupled crack contact and sliding contact problems
in functionally graded coatings by assuming an exponential var-
iation of the material properties. Ke and Wang (2006) and Ke and
Wang (2007) developed a multi-layered model to study, respec-
tively, the frictionless and the frictional contact problem of a
functionally graded coated half-space subjected to various stamp
proﬁles. Recently, Ke et al. (2008a,b) considered the 2D friction-
less contact analysis of a functionally graded piezoelectric lay-
ered half-plane subjected to a rigid conducting ﬂat and circular
punch. In another study, Yang and Ke (2008) investigated the
2D frictionless contact problem of a coating structure consisting2c 
2a 
Homogeneous 
Half-space 
FGM Layer 
z 
Fig. 1. Geometry and loading of the axisof a surface coating, a functionally graded layer and a substrate
under a rigid cylindrical punch.
In all the studies mentioned above, the emphasis was on obtain-
ing the contact stresses in a graded medium or a composite graded
medium subjected to a loaded rigid punch with an arbitrary pro-
ﬁle. The receding contact problem in FGMs was considered by El-
Borgi et al. (2006) who studied the frictionless receding contact
plane problem between an elastic graded layer and a homogeneous
half-space using the singular integral equation method. The main
focus of this work was on studying the effect of the layer thickness
and material nonhomogeneity parameter on the contact pressure
and on the length of the receding contact.
This paper is an extension of our previous work (El-Borgi et al.,
2006) in the sense that the receding contact problem is solved un-
der axisymmetric conditions rather than plane stress or plane
strain conditions. The graded layer is subjected over a certain disc
of its top surface to normal tractions while the rest of it is free of
tractions. The mixed-boundary value problem is solved analyti-
cally using the singular integral equation method. The formulation
and the solution of the contact problem are described, respectively,
in Sections 2 and 3. The numerical solution of the resulting singular
integral equation is summarized in Section 4. Finally, numerical re-
sults are discussed in Section 5.
2. Formulation of the contact problem
As shown in Fig. 1, the axisymmetric problem under consider-
ation consists of an inﬁnitely graded layer of thickness h in contact
with a homogeneous semi-inﬁnite medium. The graded layer and
the half-space occupy, respectively, the domains 0 < z 6 h and
z 6 0. For the layer, the material is modeled as a nonhomogeneous
isotropic material with a gradient oriented along the z-direction.
The Poisson’s ratio m is assumed to be a constant and the elastic
moduli l1 and k1 depend on the z-coordinate only and are modeled
by an exponential function expressed by
l1ðzÞ ¼ l0 expðbzÞ; k1ðzÞ ¼ k0 expðbzÞ; 0 < z 6 h; ð1a;bÞh ( )1 zμ
0μ
( )p r
r 
ymmetric receding contact problem.
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and b is the nonhomogeneity parameter controlling the variation of
the elastic moduli in the graded medium.
The graded layer is subjected to axisymmetric normal tractions
p(r) distributed over the disc r 6 a of the top surface of the layer,
while the rest of it is free of tractions. For simplicity, only the case
where the applied normal tractions p(r) are axisymmetric about
the center of the loaded disc is considered. As the two bodies de-
form, frictionless contact between the graded layer and the homo-
geneous half-space is maintained over the disc r 6 c, while
separation takes place outside this interval. The normal contact
stress between the layer and the substrate q(r) as well as the reced-
ing contact length c are the main unknowns of this problem.
In the coordinate system (r,h,z), we denote by U and W the dis-
placements along the r-coordinate and the z-coordinate, respec-
tively. The components of the stress ﬁeld in the same coordinate
system are designated by rrr, rhh, rzz and rrz. The corresponding
components of the strain ﬁeld are denoted err,ehh, ezz and erz.
The receding contact problem may be solved by considering
separately the graded layer and the homogeneous half-space. The
equations of the axisymmetric problem in both domains are the
equilibrium equations with body forces neglected, the strain–dis-
placement relationships and the linear elastic stress–strain law
which are, respectively, given by
@rrr
@r
þ @rrz
@z
þ 1
r
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rrr ¼ ðkj þ 2ljÞerr þ kjðezz þ ehhÞ; ðj ¼ 0;1Þ; ð4a;bÞ
rhh ¼ ðkj þ 2ljÞehh þ kjðerr þ ezzÞ; ðj ¼ 0;1Þ; ð4c;dÞ
rzz ¼ ðkj þ 2ljÞezz þ kjðerr þ ehhÞ; ðj ¼ 0;1Þ; ð4e; fÞ
rrz ¼ 2ljerz; ðj ¼ 0;1Þ: ð4g;hÞ
By combining Eqs. (1–4), the following elasticity equations can be
obtained:
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where j is the Kolosov constant given by j = 3  4m.For the graded layer, the plane elasticity equations (5a,b) are
subjected to the following boundary conditions:
rzzðr;hÞ ¼ pðrÞHða rÞ; rrzðr;hÞ ¼ 0; r < þ1; ð6;7Þ
rzzðr;0þÞ ¼ qðrÞHðc  rÞ; rrzðr;0þÞ ¼ 0; r < þ1; ð8;9Þ
where H is the Heavyside function.
For the homogeneous medium, the plane elasticity equations
(5c,d) are subjected to the following boundary conditions:
rzzðr;0Þ ¼ qðrÞHðc  rÞ; rrzðr;0Þ ¼ 0; r < þ1: ð10;11Þ
Since the substrate is modeled as a half-space, then the displace-
ments must vanish at inﬁnity. Hence, we have
Uðr; zÞ ! 0; Wðr; zÞ ! 0; r2 þ z2 !1 ð12;13Þ
By considering the equilibrium of the graded layer and by taking
into account the regularity conditions (12) and (13), we deduce
the following expression:Z 2p
0
Z c
0
rqðrÞdrdh ¼
Z 2p
0
Z a
0
rpðrÞdrdh: ð14Þ
Since the layer and the homogeneous substrate are in smooth
contact, then the vertical component of the displacement ﬁeld
across the contact segment is continuous. Hence, we can write
Wðr;0þÞ ¼Wðr; 0Þ; r 6 c: ð15Þ
The above condition can be differentiated with respect to r
which ensures continuity of the displacement along z and elimi-
nates rigid-body displacements
@
@r
Wðr; 0þÞ Wðr;0Þ  ¼ 0; r 6 c: ð16Þ3. Solution of the contact problem
The axisymmetric elasticity equations (5a,b) and (5c,d) are
solved separately using standard Hankel transform. For the graded
layer, the resulting expressions of the displacement ﬁeld are given
by
Uðr; zÞ ¼
Z 1
0
qFðq; zÞJ1ðrqÞdq; Wðr; zÞ ¼
Z 1
0
qGðq; zÞJ0ðrqÞdq;
0 < z 6 h; ð17a;bÞ
where F(q,z) and G(q,z) are, respectively, the inverse Hankel trans-
forms of U(r,z) and W(r,z) which can be expressed as follows:
Fðq; zÞ ¼
X4
k¼1
CkðqÞemkðqÞz; Gðq; zÞ ¼
X4
k¼1
CkðqÞskemkðqÞz;
0 < z 6 h: ð18a;bÞ
In the above equations, the unknown functions Ck(q),
(k = 1, . . .,4), are determined from the boundary conditions and
m1, . . .,m4 are the four complex roots of the characteristic polyno-
mial associated with the axisymmetric elasticity equation (5a,b),
which may be written as
m4 þ 2bm3  ðb2 þ q2Þm2  2bq2mþ b2q2 j 3
jþ 1þ q
4 ¼ 0: ð19Þ
The four roots of the above equation are two by two complex con-
jugates with m1 and m2 given by
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and m3 ¼ m1 and m4 ¼ m2.
In Eq. (18b), the known functions sk(q), (k = 1, . . .,4), may be ex-
pressed as follows:
skðqÞ ¼ ðj 1Þm
2
k þ bðj 1Þmk  q2ðjþ 1Þ
2qmk þ qbðj 1Þ ; ðk ¼ 1; . . . ; 4Þ:
ð21Þ
Substituting (17) into (3) and then the resulting expressions into (4)
yields the stress ﬁeld components in the graded layer which are of
interest
rzzðr;zÞ¼ l1j1
Z 1
0
X4
k¼1
CkðqÞpkemkðqÞzqJ0ðrqÞdq; 0< z6h; ð22aÞ
rrzðr;zÞ¼ l1j1
Z 1
0
X4
k¼1
CkðqÞqkemkðqÞzqJ1ðrqÞdq; 0< z6h; ð22bÞ
where the known functions pk(q) and qk(q), (k = 1, . . .,4), are given
by
qkðqÞ ¼ mk  qskðqÞ; pkðqÞ ¼ ð1þ jÞskðqÞmk þ ð3 jÞq;
ðk ¼ 1; . . . ;4Þ: ð23a;bÞ
The axisymmetric elasticity equations (5c,d) are solved in a sim-
ilar manner to yield the expressions of the displacement ﬁeld in
the homogeneous medium (z 6 0) which have the same form as
those for the FGM layer (Eq. (17a,b)):
Uðr; zÞ ¼
Z 1
0
qFðq; zÞJ1ðrqÞdq; Wðr; zÞ ¼
Z 1
0
qGðq; zÞJ0ðrqÞdq;
z 6 0: ð24a;bÞ
By applying the regularity conditions (12–13) to the expres-
sions of the stress ﬁeld obtained for the homogeneous medium,
the functions F(q,z) and G(q,z) become
Fðq; zÞ ¼ C5ðqÞ þ C7ðqÞz½ eqz;
Gðq; zÞ ¼ C5ðqÞ þ kqC7ðqÞ  C7ðqÞz
 
eqz: ð25a;bÞ
The expressions of the stress ﬁeld in the homogeneous medium
which are of interest may be written as follows:
rzzðr; zÞ ¼ l0k 1
Z 1
0
q C5ðqÞp5ðqÞ þ C7ðqÞ p5ðqÞzð½
þp7ðqÞÞeqzJ0ðrqÞdq; z 6 0; ð26aÞ
rrzðr; zÞ ¼ l0
Z 1
0
q C5ðqÞq5ðqÞ þ C7ðqÞ q5ðqÞzð½
þq7ðqÞÞeqzJ1ðrqÞdq; z 6 0; ð26bÞ
where the known functions q5(q),q7(q),p5(q) and p7(q) are given by
q5ðqÞ ¼ 2q; q7ðqÞ ¼ 1 k; p5ðqÞ ¼ 2qð1 kÞ; p7ðqÞ ¼ k2  1:
ð27a—dÞ
Applying the boundary conditions (6–9) to the expressions of
the stress ﬁeld obtained for the FGM layer (22a,b) and using the in-
verse Hankel transform yield the following linear algebraic system
of equations in which the unknown functions Ck(q),(k = 1, . . .,4),are expressed in terms of the Hankel transforms of the known trac-
tion p(r) and the unknown contact stress q(r) in addition to the
receding contact length c
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q1 q2 q3 q4
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7775
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8>><
>>:
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>>;; ð28Þ
where ~pðqÞ and ~qðqÞ are given by
~pðqÞ ¼ j 1
l0ebh
Z a
0
pðrÞrJ0ðrqÞdr; ~qðqÞ ¼
j 1
l0
Z c
0
qðrÞrJ0ðrqÞdr:
ð29a;bÞ
Eq. (28) is inverted analytically leading to the expressions of
Ck(q), (k = 1, . . .,4), in terms of ~pðqÞ and ~qðqÞ
CkðqÞ ¼ ð1Þk D1kD ~pðqÞ þ
D3k
D
~qðqÞ
 
; ðk ¼ 1; . . . ;4Þ; ð30Þ
where D is the determinant and Djk (j = 1,3;k = 1, . . .,4) is the subde-
terminant (corresponding to the elimination of the j-th row and
k-th column) of the coefﬁcient matrix in the system of Eq. (28).
Applying the boundary conditions (10–11) to the expressions of
the stress ﬁeld obtained for the homogeneous medium (26a,b)
yields the expressions of C5(q) and C7(q) in terms of ~qðqÞ
C5ðqÞ ¼ q7ðqÞ
~qðqÞ
p5ðqÞq7ðqÞ  p7ðqÞq5ðqÞ
;
C7ðqÞ ¼ q5ðqÞ
~qðqÞ
p5ðqÞq7ðqÞ  p7ðqÞq5ðqÞ
: ð31a;bÞ
Applying the remaining boundary condition (16) and using (30)
and (31) yields the following Cauchy-type singular integral equa-
tion, in which the unknowns are the contact pressure q(r) and
the receding contact length c:
wðrÞ ¼
Z c
0
sqðsÞKðr; sÞdsþ gðrÞ; r 6 c; ð32Þ
where g(r) is a known function and K(r,s) is the kernel of the integral
equation whose expressions are given by
gðrÞ ¼
Z a
0
spðsÞ
Z þ1
0
BðqÞJ0ðsqÞJ1ðrqÞqdq
 
ds;
Kðr; sÞ ¼
Z þ1
0
AðqÞJ0ðsqÞJ1ðrqÞqdq; ð33a;bÞ
in which A(q) and B(q) are given by (A.1) and (A.2),
respectively.
It can be easily veriﬁed that A(q)J0(sq)J1(rq)q in Eq. (33b) is
bounded as q goes to zero, but diverges as q goes to inﬁnity. The
dominant part of the kernel may be separated by taking the
asymptotic expansion of A(q) as q goes to inﬁnity. Using the sym-
bolic manipulator MAPLE, the asymptotic expansion of A(q) can be
obtained and may be written as AðqÞ ¼P5k¼0bk=qk, where the coef-
ﬁcients b0 to b5 are given by (A.3–8).
The kernel given by Eq. (33b) contains the strong-type Cauchy
singularity in addition to the weak-type logarithmic singularity.
The Cauchy singularity can be extracted from the kernel which
can be written as follows and its main derivation details are left
out in Appendix A:
Kðr; sÞ ¼
Z D
0
AðqÞ  b0ð ÞJ0ðsqÞJ1ðrqÞqdq
þ
X5
k¼1
bk
Z 1
D
1
qk
J0ðsqÞJ1ðrqÞqdq
 b0
p
1
s r 
1
r þ sþ
Mðr; sÞ  1
s r 
Mðr; sÞ  1
r þ s
 
; ð34Þ
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(A.11).
After few manipulations brieﬂy mentioned in Appendix A, the
logarithmic singularity can be extracted from the expression of
M(r,s) as follows:
Mðr; sÞ  1
r  s ¼
1
2r
ln jr  sj þ 1
r
2 ln
ﬃﬃﬃﬃﬃ
8r
p	 
	 

þmðr; sÞ; ð35Þ
where m(r,s) is given by (A.15) for r > s and (A.17) for s > r.
Substituting (34) into (32) yields the following singular integral
equation:

Z c
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p
1
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1
sþ r
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
Z c
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Z D
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 !
ds
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Z D
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 
ds; r 6 c; ð36Þ
in which Hk(s, r) is a recursive series having the following
expression:
Hkðs; rÞ ¼
Z 1
D
J0ðsqÞJ1ðrqÞ
qk
dq; ð37Þ
where the evaluation of the above improper integral is brieﬂy de-
tailed in Appendix B.
To solve Eq. (36) for the contact pressure and the receding con-
tact half-length, the global equilibrium condition of the graded
layer (i.e., Eq. (14)) has to be supplemented.4. Numerical solution of the singular integral equation
Applying the normalizations
t ¼ s
c
; x ¼ r
c
; qðsÞ ¼ QðtÞ; pðsÞ ¼ PðtÞ; ð38a—dÞ
the singular integral Eq. (36) becomes
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bkHkðcx; ctÞ
 !
dt
þ
Z 1
0
tQðtÞc2
Z D
0
ðAðqÞ  b0ÞJ0ðctqÞJ1ðcxqÞqdq
 
dt
¼
Z a=c
0
tPðtÞc2
Z D
0
BðqÞJ0ðctqÞJ1ðcxqÞqdqð Þ
 
dt; x 6 1: ð39Þ
It was shown in Erdogan and Gupta (1972) that the singular
integral equation (39) has an index 1 because of the absence of
singularities at the end point +1 and its symmetry which is due
to the axisymmetric nature of the contact problem. Its solution
may be expressed as Q(t) = w(t)/(t) where wðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
is the
weight function associated with the Chebyshev polynomials of
the second kind UnðtÞ ¼ sin½ðnþ 1Þ arccosðtÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
and /(t) isa continuous and bounded function in the interval [0,1] which
may be expressed as a truncated series of Chebyshev polynomials
of the second kind. Taking advantage of symmetry, the solution of
(39) may be expressed as
QðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p XN
n¼0
anU2nðtÞ; t 6 1: ð40Þ
The above solution is substituted in (39) resulting in the following
equation which is linear in terms of the (N + 1) unknowns
a0, . . .,aN but it is highly nonlinear in c which makes the contact
problem nonlinear:
XN
n¼0
R 10 b0p an ﬃﬃﬃﬃﬃﬃﬃ1t2p U2nðtÞtx
 
dtR 10 b0p Mðcx;ctÞ1tx	 
 an ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 t2p U2nðtÞ	 
dt
þR 10 b0p Mðcx;ctÞ1tþx	 
 an ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 t2p U2nðtÞ	 
dt
þR 10 b0p an ﬃﬃﬃﬃﬃﬃﬃ1t2p U2nðtÞtþx
 
dtþR 10 t an ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 t2p U2nðtÞ	 
 P5
k¼1
bkHkðcx;ctÞ
 
c2dt
þR 10 t an ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 t2p U2nðtÞ	 
c2 R D0 ðAðqÞb0ÞJ0ðctqÞJ1ðcxqÞqdq	 
dt
2
66666666664
3
77777777775
¼
Z a=c
0
tPðtÞc2
Z D
0
BðqÞJ0ðctqÞJ1ðcxqÞqdqð Þ
 
dt; x61: ð41Þ
Using the collocation method proposed by Erdogan and Gupta
(1972)
xj ¼ cos jp2N þ 1
 
; ðj ¼ 1; . . . ;N þ 1Þ: ð42Þ
to Eq. (41) yields a system of (N + 1) equations with (N + 2) un-
knowns, namely a0, . . .,aN and c.XN
i¼0
ajiai ¼ bj; ðj ¼ 1; . . . ; N þ 1Þ: ð43Þ
where ai are the coefﬁcients of the Chebyshev polynomials, aji and bj
are, respectively, given by (B.12) and (B.13).
To solve for the (N + 2) unknowns, the system of Eq. (43) is sup-
plemented by the global equilibrium condition (14) which after
substituting the form of the solution given by (40) becomesZ 2p
0
Z 1
0
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2
p XN
n¼0
anU2nðrÞc2drdh ¼
Z 2p
0
Z a
0
spðsÞdsdh: ð44Þ
Since the system of equations given by (43) and (44) is nonlin-
ear in terms of the variable c, an iterative procedure is used to solve
for the unknowns. An initial estimate of the variable c is assumed,
then the system of Eq. (43) is solved for the (n + 1) unknowns
a0, . . .,aN. Eq. (44) is then used to verify if the global equilibrium
of the graded layer is satisﬁed. Since the loading applied to the
graded layer is known, then the right-hand term of (44) is always
constant and the left-hand term of this equation varies from one
iteration to another. Furthermore, based on the physics of the
problem, if the right-hand term of (44) is larger in absolute value
than the left-hand term, then the value of the variable c is in-
creased or vise-versa.
The iterative solution is performed until (i) the relative error be-
tween the resultant contact stress
R 2p
0
R 1
0 rQðrÞc2drdh and the resul-
tant applied load
R 2p
0
R a
0 spðsÞdsdh becomes less than a tolerance of
105 which means veriﬁcation of the global equilibrium of the
graded layer; and (ii) the relative error of the normalized receding
contact length between the current and the last iteration becomes
sufﬁciently small, which means that the last iteration is accepted
as the correct value.
5. Results and discussion
The geometry and coordinate system of the considered problem
is shown in Fig. 1. We consider two cases of FGM materials, a com-
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Fig. 2. Effect of the stiffness parameter bh [inl1(z) = l0exp(bz)] on the normalized
receding contact length for a concentrated load and for various uniformly
distributed loads.
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The loading applied on the graded layer, p(r), can be either a con-
centrated force with a/h = 0.01 or a uniformly distributed loading
with different values of a/h (a/h = 1.0,2.0,4.0), such that the resul-
tant force
R 2p
0
R a
0 spðsÞdsdh is always equal to 1.
Table 1 shows the number of iterations required to reach the
solution of the receding contact problem for the case of a concen-
trated load for different values of the stiffness parameter,
bh(=0.001,  1, + 1). Columns (2–5) of Table 1 correspond, respec-
tively, to the iteration number, the resultant of the contact stressR 2p
0
R 1
0 rQðrÞc2drdh, the normalized receding contact length c/h
and the relative error of the normalized receding contact length
between the current and last iteration, for the case of a homoge-
neous layer (i.e., bh = 0.001). The same quantities are tabulated in
columns (6–9) for the case of a compliant graded layer (bh = 1)
and in columns (10–13) for the case of a stiff graded layer
(bh = + 1).
Erdogan and Gupta (1972) indicated that the unknown coefﬁ-
cients a0, . . .,aN of the truncated series of the solution
QðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p PN
n¼0anUnðtÞ, given by Eq. (40), must converge to a
very small value as N increases. The results reported in this paper
were obtained for N = 10. Table 2 shows the values of the coefﬁ-
cients a0, . . .,aN for the case where bh =  1 obtained for iterations
1, 6 and 12. It can be seen that the coefﬁcients a0, . . .,aN are con-
verging even if equilibrium is not reached. Iterations are continued
until global equilibrium is satisﬁed between the resultant contactTable 1
Solution iteration of the receding contact problem for different values of the stiffness parR 2p
0
R a
0 spðsÞdsdh bh = 0.001 bh =  1
Iteration
No.
R 2p
0
R 1
0 rQðrÞc2drdh c/h E (%)a Iteration
No.
R 2p
0
R 1
0
(1) (2) (3) (4) (5) (6) (7)
1.0 1 0.8530000 1 36.26 1 0.91
2 0.9914255 1.5 4.39 2 1.01
3 1.0408996 2.25 43.42 3 0.98
4 1.0253589 1.875 19.52 4 0.99
5 1.0118644 1.6875 7.57 5 1.00
6 1.0027428 1.5938 1.59 6 1.00
7 0.9973954 1.5469 1.40 7 1.00
8 1.0001419 1.5703 0.10 8 1.00
9 0.9987874 1.5586 0.65 9 0.99
10 0.9994693 1.5645 0.27 10 0.99
11 0.9998067 1.5674 0.09
12 0.9999986 1.5688 0.00
a E is the relative error of the receding contact length between the current iteration i
Table 2
Convergence of the solution coefﬁcients a0, . . .,aN for the case where bh =  1 obtained fo
Coefﬁcient Iteration number
1
a0 0.486212554840741
a1 7.489616786891125E-002
a2 2.906259352544776E-002
a3 7.459102414337762E-003
a4 1.947937908909660E-003
a5 3.863930394112895E-004
a6 1.133120478785629E-004
a7 6.430532020121433E-006
a8 1.242750943712220E-005
a9 6.993446005148497E-006
a10 6.244124176852328E-006
Veriﬁcation of layer global equilibrium (Eq. (44))R 2p
0
R a
0 spðsÞdsdh 1.0R 2p
0
R 1
0 rQðrÞc2drdh 0.914278266009751stress and the resultant applied load with a relative error less than
a tolerance of 105.ameter bh for the case of a concentrated load, a/h = 0.01.
bh = + 1
rQðrÞc2drdh c/h E (%)a Iteration
No.
R 2p
0
R 1
0 rQðrÞc2drdh c/h E (%)a
(8) (9) (10) (11) (12) (13)
42782 1 27.58 1 0.7670582 1 44.45
24237 1.5 8.62 2 0.9558747 1.5 16.68
06170 1.25 9.48 3 1.0321003 2.25 24.98
92130 1.375 0.43 4 1.0073873 1.875 4.15
63618 1.4375 4.10 5 0.9865835 1.6875 6.27
29372 1.4063 1.84 6 0.9979588 1.7813 1.06
11145 1.3906 0.70 7 1.0028903 1.8281 1.54
01739 1.3828 0.14 8 1.0004818 1.8047 0.24
96960 1.3789 0.14 9 0.9992351 1.7930 0.41
99976 1.3809 0.00 10 0.9998621 1.7988 0.08
11 1.0000129 1.8003 0.00
and the last iteration l expressed in percentage as follows: E ð%Þ ¼ ðc=hÞlðc=hÞiðc=hÞl  100.
r iterations 1, 6 and 12.
6 12
0.309838067486239 0.317300839610149
9.703835497751158E-002 9.621372975744949E-002
5.320657401220703E-002 5.191192216537076E-002
2.163060637409650E-002 2.066982855724637E-002
8.240045906884470E-003 7.720476341380607E-003
2.858623987048090E-003 2.618106399666074E-003
9.884747137041878E-004 8.889824463790782E-004
3.091495050466235E-004 2.701736606226339E-004
1.080593058113929E-004 9.351278933025793E-005
2.517781749087539E-005 1.994983620521357E-005
1.236359765571088E-005 1.142923354345502E-005
1.00293723811975 0.999999927383357
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Fig. 3. Effect of the stiffness parameter bh [inl1(z) = l0exp(bz)] on the normalized
contact pressure for the case of a concentrated load, a/h = 0.01.
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Fig. 4. Effect of the stiffness parameter bh [inl1(z) = l0exp(bz)] on the normalized
contact pressure for the case of a uniformly distributed load, a/h = 1.0.
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Fig. 5. Effect of the stiffness parameter bh [inl1(z) = l0exp(bz)] on the normalized
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Fig. 6. Effect of the stiffness parameter bh [inl1(z) = l0exp(bz)] on the normalized
contact pressure for the case of a uniformly distributed load, a/h = 4.0.
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et al. (1972) for a case of a homogeneous layer of unit thickness sub-
jected to a concentrated force with a/h = 0.01. As shown in Table 1,
the obtained normalized receding contact length is 1.5688 which is
approximately the same value reported by Keer et al. (1972) (see
Fig. 2 of this reference, case of a = 0). This result was also obtained
based on a separate formulation of a homogeneous layer in contact
with a homogeneous substrate having the same properties.
Fig. 2 shows the normalized receding contact length, c/h,
as a function of the stiffness parameter bh for a concentrated load-
ing and various types of uniformly distributed loads (a/h =
0.01,1.0,2.0,4.0). It can be seen that for a ﬁxed value of bh, the
normalized receding contact length, c/h, increases for increasing
values of a/h. Therefore, as expected, the contact length corre-
sponding to the applied concentrated force (a/h = 0.01) is smaller
than that associated with the distributed loads. Furthermore, the
contact length, c/h, increases for increasing values of the stiffness
parameter bh.
Figs. 3–6 illustrate the effect of the stiffness parameter
bh [inl1(z) = l0exp(bz)] on the normalized contact pressure for,
respectively, the case of a concentrated load (a/h = 0.01) and the
cases of various uniformly distributed loads (a/h = 1.0,2.0,4.0).
From these ﬁgures, it can be concluded that for a ﬁxed value of
a/h, increasing the value of bh in the negative sense results in a
reduction of the contact zone in addition to an increase of the peak
of the contact pressure. The opposite effect can be observed when
increasing the value of bh in the positive sense.
Furthermore, a careful examination of Fig. 3 reveals the typical
distribution of Hertz contact which is slightly modiﬁed by the pres-
ence of the FGM layer: small contact zone and themaximumcontact
stress associated to the center of this contact zone. On the contrary,
Fig. 6 presents a distribution associated to a punch effect: larger
contact zone, the maximum contact stress near the end of the con-
tact zonewith an abrupt evolution of the contact stresses, and a cen-
tral zonewith almost constant value of the contact stresses. It is also
interesting to notice how in the case of the punch effect (Fig. 6), the
distribution of the contact stresses is more controlled by geometri-
cal reasons and how the graded layer non homogeneity parameter
bh has less inﬂuence on the results than in the other cases.
Finally, Fig. 7a,b illustrate the effect of the nonhomogeneity
parameter bh on the load-maximum indentation depth for, respec-
tively, a concentrated load a/h = 0.01 and a distributed load a/h = 1.
In this study, the maximum indentation depth d0 is taken as the
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Fig. 7. Effect of the stiffness parameter bh [inl1(z) = l0exp(bz)] on the normalized applied load versus the maximum indentation depth d0: (a) case of a concentrated load a/
h = 0.01 and (b) case of a concentrated load a/h = 1.
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face of the graded layer (r = 0,z = h) and whose expression is given
by Eq. (17b). Both ﬁgures indicate that a larger applied normal load
is required for a compliant graded layer (bh < 0) than for a stiff
graded layer (bh > 0). These results are qualitatively similar to
those obtained by Ke and Wang (2006). Furthermore, as indicated
by these authors, the dependence of the load-maximum indenta-
tion depth on the nonhomogeneity parameter bh provides a means
to measure experimentally the stiffness and the gradient of the
graded layer sing the indentation testing method.6. Conclusion
In this paper, the axisymmetric problem of a frictionless reced-
ing contact of a functionally graded layer pressed against a homo-
geneous half-space was considered. The layer was subjected over a
certain disc of its top surface to normal tractions while the rest of it
was free of tractions. Using Hankel transform, the elasticity equa-
tions were converted analytically into a singular integral equation
in which the unknowns are the contact pressure and the receding
contact half-length. The global equilibrium condition of the layer
was supplemented to solve the problem. The singular integral
equation was solved numerically using Chebychev polynomials
and an iterative scheme was employed to obtain the correct reced-
ing contact radius that satisﬁes the global equilibrium condition. A
detailed parametric study was conducted to investigate the effect
of the material nonhomogeneity parameter of the graded layer
bh on the contact pressure and on the length of the receding con-
tact for different layer thicknesses.
Different conclusions were reached when the graded layer is
either compliant (i.e., bh < 0), or stiff (i.e., bh > 0).When the stiffness
parameter bh is negative and its absolute value is increased, the
maximum contact pressure becomes larger and the layer’s ﬂexural
rigidity is reduced leading to a smaller contact zone with the homo-
geneous medium. For large negative values of bh, the receding con-
tact zone becomes small. On the other hand, when bh is positive and
is increased, the maximum contact pressure is decreased and the
layer’s ﬂexural rigidity is increased resulting in a larger contact zone.
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A.1. Expression of A(q) and B(q) appearing in (33a,b)
AðqÞ¼qs1ðqÞD31ðqÞþqs2ðqÞD32ðqÞqs3ðqÞD33ðqÞþqs4ðqÞD34ðqÞ
DðqÞ
 jq5ðqÞþqq7ðqÞ
p5ðqÞq7ðqÞp7ðqÞq5ðqÞ
; ðA:1Þ
BðqÞ¼ qs1ðqÞD11ðqÞþqs2ðqÞD12ðqÞqs3ðqÞD13ðqÞþqs4ðqÞD14ðqÞ
DðqÞ
 
ebh:
ðA:2ÞA.2. Expressions of leading terms in the asymptotic development of
A(q)
b0 ¼ 12
1þ j
1 j ; b1 ¼ 
bðjþ 5Þ
8ðj 1Þ ; b2 ¼
5b2
8ðj 1Þ ; ðA:3—5Þ
b3¼ b
3
4ðj1Þ ; b4¼
b4ð5j8Þ
32ðj21Þ ; b5¼
b5ðj3Þ
16ðj21Þ : ðA:6—8ÞA.3. Extraction of the singularities from the Fredholm kernel K(r,s)
given by (33b):
After the asymptotic development, the kernel K(r,s) given by
(33b) may be written as follows:
Kðr; sÞ ¼
Z D
0
AðqÞ  b0ð ÞJ0ðsqÞJ1ðrqÞqdq
þ
X5
k¼1
bk
Z 1
D
1
qk
J0ðsqÞJ1ðrqÞqdq|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Hkðr;sÞ
þ b0
Z 1
0
J0ðsqÞJ1ðrqÞqdq|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
K1ðr;sÞ
: ðA:9Þ
where D* is the integration cut-off point.
The ﬁrst term of the above expression is evaluated numerically and
the last two terms K1(r,s) and Hk(r,s) are computed analytically. The
Cauchy and the logarithmic singularities are extracted from the last
term K1(r,s), while the higher order terms in the asymptotic devel-
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main difﬁculty consists in evaluating analytically the last two terms.
To evaluate K1(r,s), two cases can be distinguished depending
on whether s > r or s < r (Ozturk, 1992):
K1ðr; sÞ ¼
Z 1
0
J0ðsqÞJ1ðrqÞqdq ¼
2
p
s
r
1
r2s2 E
r
s
 þ 1rs K rs  s > r;
1
r2s2 E
s
r
 
s < r:
(
ðA:10Þ
Introducing the function
Mðr; sÞ ¼
s2
r2 E
r
s
 þ r2s2r2 K rs  s > r;
s
r E
s
r
 
s < r:
(
ðA:11Þ
where E and K are, respectively, the incomplete and complete ellip-
tic functions
EðkÞ ¼
Z p
2
0
dhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
p ; KðkÞ ¼ Z p2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
q
dh:
It is relatively straightforward to show that the kernel K1(r,s)
may be written as a function of M(r,s) deﬁned in (A.11) as
follows:
sK1ðr; sÞ ¼  1
p
1
s r 
1
r þ sþ
Mðr; sÞ  1
s r 
Mðr; sÞ  1
r þ s
 
: ðA:12Þ
The ﬁrst two terms of the right-hand side of the above equation
produce the strong-type Cauchy singularity, while the last two
terms give the weak-type logarithmic singularity. The extraction
of the latter singularity type is summarized in the following
paragraphs.
For s < r:
Expanding the functions E and K as an inﬁnite series (Ozturk,
1992) and substituting in (A.11) give the following expression ob-
tained after additional manipulations:
Mðr; sÞ  1
r  s ¼
1
2r
ln jr  sj þ 1
r
2 ln
ﬃﬃﬃﬃﬃ
8r
p	 
	 

þmðr; sÞ; ðA:13Þ
where
mðr; sÞ ¼ 1
r
ðk1Þðkþ2Þ
4 lnð1 kÞ  12 lnð8Þ
 
þ kð1þkÞ4 ln 1þk2
 þ kð1þkÞ4  1þ Hðr; sÞ
 !
; ðA:14Þ
in which
Hðr; sÞ ¼ kð1þ kÞ EðkÞ  1
1 k2
 1
2
Ln
4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2
p
 !
þ 1
4
 !
: ðA:15Þ
For r < s:
The same expression as (A.13) is obtained withm(r,s) having the
following expression
mðr; sÞ ¼ 1
r
k1
4k ln 8 k12k lnð1 kÞ  1þk4k lnð1þ kÞ  2
þ 3k4k ln k kþ14k ln 2þ Hðr; sÞ
 !
; ðA:16Þ
where
Hðr; sÞ ¼ 1þ k
k
1 EðkÞ
1 k2
 KðkÞ þ 3
4
þ 3
4
ln
4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2
p
 ! !
: ðA:17Þ
The Log singularity of Mðr;sÞ1rþs can be extracted from that of
Mðr;sÞ1
rs
through a simple change of variables s by s in (A.11), knowing
that r and s are both positive.Appendix B
B.1. Evaluation of the integral Hkðr; sÞ ¼
R1
D
J0ðsqÞJ1ðrqÞ
qk dq given by (37)
The evaluation of the above integral using integration by parts
yields three recursive coupled relations between the series
Hn(r,s),Vn(r,s) and Wn(r,s) deﬁned as follows:
Hkþ1ðr; sÞ ¼
Z 1
D
J0ðsqÞJ1ðrqÞ
qkþ1
dq ¼ J1ðsD
ÞJ0ðrDÞ
ðkþ 1ÞDn
 r
kþ 1Wkðs; rÞ þ
s
kþ 1Vkðs; rÞ; ðB:1Þ
Vkþ1ðr; sÞ ¼
Z 1
D
J0ðrqÞJ0ðsqÞ
qkþ1
dq ¼ J0ðsD
ÞJ0ðrDÞ
kD
k
 r
k
Hkðs; rÞ  skHkðr; sÞ; ðB:2Þ
Wkþ1ðr; sÞ ¼
Z 1
D
J0ðsqÞJ0ðrqÞ
qkþ1
dq ¼ J1ðrD
ÞJ1ðsDÞ
ðkþ 2ÞDk
þ s
kþ 2Hkðs; rÞ þ
r
kþ 2Hkðr; sÞ: ðB:3Þ
The initial terms of the above series can be expressed as
H0ðs; rÞ ¼
s2
r F 1;1;2;
r2
s2
	 

 R D0 J0ðsqÞJ1ðrqÞdq s > r;
rF 1;0;1; s2r2
	 

 R D0 J0ðsqÞJ1ðrqÞdq r > s;
8><
>: ðB:4Þ
V0ðr; sÞ ¼
2
p sK
r
s
  R D0 J0ðsqÞJ0ðrqÞdq s > r;
2
p rK
s
r
  R D0 J0ðsqÞJ0ðrqÞdq r > s;
(
ðB:5Þ
W0ðr; sÞ ¼
2
p
s4
r3 K
r
s
  E rs   R D0 J1ðsqÞJ1ðrqÞdq r > s;
2
p
r4
s3 K
s
r
  E sr   R D0 J1ðsqÞJ1ðrqÞdq s > r:
(
ðB:6Þ
where F is the hypergeometric function.
B.2. Evaluation of the integral containing the Cauchy singularity
appearing in (41):
The ﬁrst and fourth terms in (41) are merged together with a
simple change of variables resulting in the following closed-form
estimation which is valid for x 6 1Z 1
0
b0
p
1
t  x
 
U2nðtÞwðtÞdt 
Z 1
0
b0
p
1
t þ x
 
U2nðtÞwðtÞdt
¼
Z 1
1
b0
p
1
t  x
 
U2nðtÞwðtÞdt ¼ b0T2nþ1ðxÞ: ðB:7ÞB.3. Evaluation of the integral containing the logarithmic singularity
appearing in (41):
The second and third terms in (41) are merged together using a
simple change of variables resulting in the following expression
along with the adopted approximation (the second and third terms
of Eq. (A.13) are neglected, (Ozturk, 1992)).Z 1
0
b0
p
Mðcx; ctÞ  1
t  x
 
U2nðtÞwðtÞdt

Z 1
0
b0
p
Mðcx; ctÞ  1
t þ x
 
U2nðtÞwðtÞdt

Z 1
0
b0
p
1
2x
Logðcjt  xjÞU2nðtÞwðtÞdt

Z 0
1
b0
p
1
2x
Logðcjt  xjÞU2nðtÞwðtÞdt
¼ 
Z 1
1
b0
p
1
2x
Logðcjt  xjÞU2nðtÞwðtÞdt: ðB:8Þ
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FðxÞ ¼
Z 1
1
b0
p
1
2x
Logðcjt  xjÞU2nðtÞwðtÞdt; ðB:9Þ
multiplying it by 2x and differentiating the resulting function with
respect to x yield
d
dx
ð2xFðxÞÞ ¼
Z 1
1
b0
p
1
t  x
 
U2nðtÞwðtÞdt ¼ b0T2nþ1ðxÞ: ðB:10Þ
After few manipulations, F(x) can be evaluated in closed-form
and combining the resulting expression with (B.8) and (B.9), we
obtainZ 1
1
b0
p
Mðcx; ctÞ  1
t  x
 
U2nðtÞwðtÞdt
¼ b0
2px
ð2nþ 1ÞT2nþ2ðxÞ
ð2nÞ2 þ 4n
 x T2nþ1ðxÞ
2n
 !
: ðB:11Þ
Expression of quantities appearing in (43):
aji¼a0T2iþ1ðxjÞ a02pxj
ð2iþ1ÞT2iþ2ðxjÞ
ð2iÞ2þ4i x
T2iþ1ðxjÞ
2i
 !
þ
Z 1
0
t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
U2iðtÞ
	 

c2
Z D
0
AðqÞa0ð ÞJ0ðctqÞJ1 cxjq
 
qdq
 
dt
þ
Z 1
0
t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
U2iðtÞ
	 

c2
X6
k¼1
akUkðct;cxjÞ
 !
dt;
ðB:12Þ
bj ¼
Z 1
0
tpðtÞc2
Z D
0
BðqÞJ0ðctqÞJ1 cxjq
 
qdq
  
dt: ðB:13ÞReferences
Anderson, T., 1982. The boundary element method applied to two-dimensional
contact problems with friction. In: Brebbia, C.A. (Ed.), Boundary Element
Methods. Springer, Berlin, pp. 239–258.
Birinci, A., Erdol, R., 1999. Frictionless contact between a rigid stamp and an elastic
layered composite resting on simple supports. Mathematical and
Computational Applications 4 (3), 261–272.
Birinci, A., Erdol, R., 2001. Continuous and discontinuous contact problem for a
layered composite resting on simple supports. Structural Engineering and
Mechanics 12 (1), 17–34.
Civelek, M.B., Erdogan, F., 1974. The axisymmetric double contact problem for a
frictionless elastic layer. International Journal of Solids and Structures 10 (6),
639–659.
Comez, I., Birinci, A., Erdol, R., 2004. Double receding contact problem for a rigid
stamp and two elastic layers. European Journal of Mechanics A/Solids. 23, 301–
309.
Dag˘, S., Erdog˘an, F., 2002. A surface crack in a graded medium loaded by a sliding
rigid stamp. Engineering Fracture Mechanics 69, 1729–1751.
Dundurs, J., 1975. Properties of elastic bodies in contact. In: dePater, A.D., Kalker, J.J.
(Eds.), The Mechanics of the Contact Between Deformable Bodies. Delft
University Press, pp. 54–66.
El-Borgi, S., Abdelmoula, R., Keer, L., 2006. A receding contact plane problem
between a functionally graded layer and a homogeneous substrate.
International Journal of Solids and Structures 46, 658–674.
Erdogan, F., Gupta, G., 1972. On the numerical solutions of singular integral
equations. Quarterly Journal of Applied Mathematics 29, 525–534.
Garrido, J.A., Foces, A., Paris, F., 1991. B.E.M. applied to receding contact problems
with friction. Mathematical and Computer Modeling 15, 143–154.
Garrido, J.A., Lorenzana, A., 1998. Receding contact problem involving large
displacements using the BEM. Engineering Analysis with Boundary Elements
21, 295–303.
Gecit, M.R., 1986. Axisymmetric contact problem for a semi-inﬁnite cylinder and a
half-space. International Journal of Engineering Science. 24 (8), 1245–1256.Giannakopoulos, A.E., Suresh, S., 1997. Indentation of solids with gradients in elastic
properties: Part II. Axisymmetric indentors. International Journal of Solids and
Structures 34, 2393–2428.
Giannakopoulos, A.E., Pallot, P., 2000. Two-dimensional contact analysis of elastic
graded materials. Journal of the Mechanics and Physics of Solids 48, 1597–1631.
Gladwell, G.M.L., 1976. On some unbonded contact problems in plane elasticity
theory. Journal of Applied Mechanics 43, 263–267.
Graciani, E., Mantic, V., Parı´s, F., Blázquez, A., 2005. Weak formulation of axi-
symmetric frictionless contact problems with boundary elements. Application
to Interface Cracks, Computers and Structures 83, 836–855.
Güler, M.A., Erdogan, F., 2007. The frictional sliding contact problems of rigid
parabolic and cylindrical stamps on graded coatings. International Journal of
Mechanical Sciences 49, 161–182.
Holt, J., Koizumi, M., Hirai, T., Munir, Z.A. (Eds.), 1992. Functionally Gradient
Materials, Ceramic Transactions, vol. 34. The American Ceramic Society, Ohio.
Hussain, M.A., Pu, S.L., Sadowsky, M.A., 1968. Cavitation at the ends of an elliptic
inclusion inside a plate under tension. Journal of AppliedMechanics 35, 505–509.
Jing, H.-S., Liao, M.-L., 1990. An improved ﬁnite element scheme for elastic contact
problems with friction. Computers and Structures 35 (5), 571–578.
Johnson, K.L., 1985. Contact Mechanics. Cambridge University Press.
Kahya, V., Ozsahin, T.S., Birinci, A., Erdol, R., 2007. A receding contact problem for an
anisotropic elasticmedium consisting of a layer and a half plane. International
Journal of Solids and Structures 44, 5695–5710.
Ke, L.L., Wang, Y.S., 2006. Two-dimensional contact mechanics of functionally
graded materials with arbitrary spatial variations of material properties.
International Journal of Solids and Structures 43, 5779–5798.
Ke, L.L., Wang, Y.S., 2007. Two-dimensional sliding frictional contact of functionally
graded materials. European Journal of Mechanics A/Solids 26, 171–188.
Ke, L.L., Yang, J., Kitipornchai, S., Wang, Y.S., 2008a. Frictionless contact analysis of
functionally graded piezoelectric layered half-plane. Smart Materials &
Structures 17 (2).
Ke, L.L., Yang, J., Kitipornchai, S., Wang, Y.S., 2008b. Electro-mechanical frictionless
contact behavior of functionally graded piezoelectric layered half-plane under a
rigid punch. International Journal of Solids and Structures 45, 3313–3333.
Keer, L.M., Dundurs, J., Tasi, K.C., 1972. Problems involving a receding contact
between a layer and a half-space. Journal of Applied Mechanics 39, 1115–1120.
Margetson, J., Morland, L.W., 1970. Separation of smooth circular inclusions from
elastic and viscoelastic plates subjected to uniaxial tension. Journal of
Mechanics and Physics of Solids 18, 295–309.
Noble, B., Hussain, M.A., 1967. Angle of contact for smooth elastic inclusions. In:
Proceedings of the 10th Midwestern Mechanics Conference, pp. 459–476.
Noble, B., Hussain, M.A., 1969. Exact solution of certain dual series for indentation
and inclusion problems. International Journal of Engineering Science 7, 1149–
1161.
Nowell, D., Hills, D.A., 1988. Contact problems incorporating elastic layers.
International Journal of Solids and Structures 24 (1), 105–115.
Ozturk, M., 1992. Axisymmetric and anti-plane shear crack problem in bonded non-
homogeneous material. Ph.D. Thesis. Department of Mechanical Engineering
and Mechanics, Lehigh University.
Parı´s, F., Foces, A., Garrido, J.A., 1992. Application of boundary element method to
solve three-dimensional elastic contact problems without friction. Computers
and Structures 43 (1), 19–30.
Paris, F., Blazquez, A., Canas, J., 1995. Contact problems with nonconforming
discretizations using boundary element method. Computers and Structures. 57
(5), 829–839.
Pu, S.L., Hussain, M.A., 1970. Note on the unbonded contact between plates and an
elastic half-space. Journal of Applied Mechanics 37, 859–861.
Ratwani, M., Erdogan, F., 1973. On the plane contact problem for a frictionless
elastic layer. International Journal of Solids and Structures. 9 (8), 921–936.
Satish Kumar, K., Dattaguru, B., Ramamurthy, T.S., Raju, K.N., 1996. Elasto-plastic
contact stress analysis of joints subjected to cyclic loading. Computers and
Structures. 60 (6), 1067–1077.
Stippes, M., Wilson Jr., H.B., Krull, F.N., 1962. A contact stress problem for a smooth
disk in an inﬁnite plate. In: Proceedings of the Fourth U.S. National Congress of
Applied Mechanics, ASME, pp. 799–806.
Suresh, S., Olsson, M., Giannakopoulos, A.E., Padture, N.P., Jitcharoen, J., 1999.
Engineering the resistance to sliding contact damage through controlled
gradients in elastic properties at contact surfaces. Acta Materialia 47, 3915–
3926.
Weitsman, Y., 1969. On the unbonded contact between plates and an elastic half-
space. Journal of Applied Mechanics 36, 198–202.
Wilson Jr., H.B., Goree, J.G., 1967. Axisymmetric contact stresses about a smooth
elastic sphere in an inﬁnite solid stressed uniformly at inﬁnity. Journal of
Applied Mechanics 34, 960–966.
Yang, J., Ke, L.L., 2008. Two-dimensional contact problem for a coating–graded
layer–substrate structure under a rigid cylindrical punch. International Journal
of Mechanical Sciences 50, 985–994.
